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Abstract
In this paper, a regularity criterion for the 3D magneto-micropolar ﬂuid equations is
investigated. A suﬃcient condition on the derivative of the velocity ﬁeld in one
direction is obtained. More precisely, we prove that if ux3 belongs to L





≤ 1 and α ≥ 3, then the solution (u, v,b) is regular.
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1 Introduction




∂tu – (μ + χ )u + u · ∇u – b · ∇b +∇(p +  |b|) – χ∇ × v = ,
∂tv – γv – κ∇∇ · v + χv + u · ∇v – χ∇ × u = ,
∂tb – νb + u · ∇b – b · ∇u = ,
∇ · u = , ∇ · b = ,
(.)
with the initial value
t =  : u = u(x), v = v(x), b = b(x), (.)
where u(t,x), v(t,x), b(t,x) and p(t,x) denote the velocity of the ﬂuid, the micro-rotational
velocity, magnetic ﬁeld and hydrostatic pressure, respectively. μ is the kinematic vis-




The incompressible magneto-micropolar ﬂuid equations (.) have been studied exten-
sively (see [–] and [–]). The existence and uniqueness of local strong solutions is
proved by theGalerkinmethod in []. In [], the author proved global existence of a strong
solution with the small initial data. The existence of weak solutions and the uniqueness of
weak solutions in D case were established in []. Yuan [] obtained a Beale-Kato-Majda
type blow-up criterion for a smooth solution (u, v,b) to the Cauchy problem for (.) that
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relies on the vorticity of velocity ∇ × u only. Wang et al. [] established a Beale-Kato-
Majda blow-up criterion of smooth solutions to the D magneto-micropolar ﬂuid equa-
tionwith partial viscosity. Fundamentalmathematical issues such as the regularity of weak
solutions have generated extensive research andmany interesting results have been estab-
lished (see [, ] and []).
If b = , (.) reduces tomicropolar ﬂuid equations. Themicropolar ﬂuid equations were
ﬁrst proposed by Eringen [] (see also []). The existence of weak and strong solutions
for micropolar ﬂuid equations was obtained by Galdi and Rionero [] and Yamaguchi
[], respectively. Dong and Chen [] established regularity criteria of weak solutions
to the three-dimensional micropolar ﬂuid equations. In [], the authors gave suﬃcient
conditions on the kinematics pressure in order to obtain the regularity and uniqueness of
weak solutions to the micropolar ﬂuid equations. For more details on regularity criteria,
see [, ] and [].
If both v =  and χ = , then equations (.) reduce to bemagneto-hydrodynamic(MHD)
equations. Magnetohydrodynamics (MHD), the science of motion of an electrically con-
ducting ﬂuid in the presence of a magnetic ﬁeld, consists essentially of the interaction
between the ﬂuid velocity and the magnetic ﬁeld (see []). Besides their physical ap-
plications, the MHD equations are also mathematically signiﬁcant. The local existence
of solutions to the Cauchy problem (.), (.) in the usual Sobolev spaces Hs(R) was
established in [] for any given initial data u,B ∈ Hs(R), s ≥ . But whether the lo-
cal solution can be extended to a global solution is a challenging open problem in the
mathematical ﬂuid mechanics. There are numerous important progresses on the fun-
damental issue of the regularity for the weak solution to (.), (.) (see [–] and
[–]).
The purpose of this paper is to establish the regularity criteria of weak solutions to (.),
(.) via the derivative of the velocity in one direction. It is proved that if
∫ T





≤  and α ≥ , then the solution (u, v,b) can be extended smoothly beyond
t = T .
The paper is organized as follows. We ﬁrst state some important inequalities in Sec-
tion . Then we give the deﬁnition of a weak solution and state main results in Section ,
and then we prove the main result in Section .
2 Preliminaries
In order to prove our main result, we need the following lemma, which may be found
in [] (see also [, ] and []).
Lemma . Assume that θ ,λ,ϑ ∈R and satisfy











Assume that f ∈H(R), fx , fx ∈ Lλ(R) and fx ∈ Lθ (R). Then there exists a positive con-
stant such that
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Especially, when λ = , there exists a positive constant C = C(θ ) such that










which holds for any f ∈H(R) and fx ∈ Lθ (R) with ≤ μ <∞.
Lemma . Let  ≤ q ≤  and assume that f ∈ H(R). Then there exists a positive con-
stant C = C(q) such that
‖f ‖Lq ≤ C‖f ‖
–q
q
L ‖∂x f ‖
q–
q
L ‖∂x f ‖
q–
q




Proof It follows from the interpolating inequality that







Using (.) with θ = , we obtain










Combining (.) and (.) immediately yields (.). 
3 Main results









)‖·‖L = {ϕ ∈ L(R) :∇ · ϕ = }
is obtained as the closure of C∞,σ with respect to L-norm ‖ · ‖L .Hrσ is the closure of C∞,σ
with respect to the Hr-norm
‖ϕ‖Hr =
∥∥(I –) r ϕ∥∥L , r ≥ .
Before stating our main results, we give the deﬁnition of a weak solution to (.), (.)
(see [, ] and []).
Deﬁnition . (Weak solutions) Let T > , u,b ∈ Lσ (R), v ∈ L(R). A measurable
R
-valued triple (u, v,b) is said to be a weak solution to (.), (.) on [,T] if the following
conditions hold:
.
(u,b) ∈ L∞(,T ;Lσ (R))∩ L(,T ;Hσ (R))
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and
v ∈ L∞(,T ;L(R))∩ L(,T ;H(R)).
. (.), (.) is satisﬁed in the sense of distributions, i.e., for every (ϕ,ψ) ∈H((,T);Hσ )

















































∥∥∇ · v(τ )∥∥L + χ




≤ ‖u‖L + ‖v‖L + ‖b‖L . (.)
Theorem. Let u,b ∈Hσ (R)with v ∈H(R).Assume that (u, v,b) is a weak solution










≤ , α ≥ ,
then the solution (u, v,b) can be extended smoothly beyond t = T .
4 Proof of Theorem 3.1
Proof Multiplying the ﬁrst equation of (.) by u and integrating with respect to x on R,









b · ∇b · udx + χ
∫
R
(∇ × v) · udx. (.)








∥∥∇v(t)∥∥L + κ‖∇ · v‖L + χ‖v‖L = χ
∫
R










b · ∇u · bdx. (.)









+ (μ + χ )
∥∥∇u(t)∥∥L
+ γ





b · ∇b · udx + χ
∫
R




(∇ × u) · vdx +
∫
R
b · ∇u · bdx. (.)




(∇ × v) · udx + χ
∫
R
(∇ × u) · vdx≤ χ‖∇u‖L + χ‖v‖L . (.)
Using integration by parts, we obtain
∫
R
b · ∇b · udx +
∫
R













∥∥∇v(t)∥∥L + κ‖∇ · v‖L + χ
∥∥v(t)∥∥L + ν
∥∥∇b(t)∥∥L ≤ .

















∥∥∇ · v(τ )∥∥L + χ




≤ ‖u‖L + ‖v‖L + ‖b‖L . (.)
Diﬀerentiating (.) with respect to x, we obtain
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
∂tux – (μ + χ )ux + ux · ∇u + u · ∇ux – bx · ∇b – b · ∇bx
+∇(p +  |b|)x – χ∇ × vx = ,
∂tvx – γvx – κ∇ · ∇vx + χvx + ux · ∇v + u · ∇vx – χ∇ × ux = ,
∂tbx – νbx + ux · ∇b + u · ∇bx – bx · ∇u – b · ∇ux = .
(.)
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ux · ∇u · ux dx +
∫
R




b · ∇bx · ux dx + χ
∫
R






∥∥vx (t)∥∥L + γ




ux · ∇v · vx dx + χ
∫
R











ux · ∇b · bx dx +
∫
R
bx · ∇u · bx dx +
∫
R










+ (μ + χ )
∥∥∇ux (t)∥∥L
+ γ





ux · ∇u · ux dx +
∫
R
bx · ∇b · ux dx +
∫
R




(∇ × vx ) · ux dx –
∫
R
ux · ∇v · vx dx + χ
∫
R




ux · ∇b · bx dx +
∫
R
bx · ∇u · bx dx +
∫
R
b · ∇ux · bx dx. (.)




(∇ × vx ) · ux dx + χ
∫
R
(∇ × ux ) · vx dx≤ χ‖∇ux‖L + χ‖vx‖L . (.)
Using integration by parts, we have
∫
R
b · ∇bx · ux dx +
∫
R













∥∥∇vx (t)∥∥L + κ‖∇ · vx‖L + χ
∥∥vx (t)∥∥L + ν
∥∥∇bx (t)∥∥L





ux · ∇u · ux dx +
∫
R
bx · ∇b · ux dx –
∫
R




ux · ∇b · bx dx +
∫
R
bx · ∇u · bx dx
 I + I + I + I + I. (.)
In what follows, we estimate Ij (j = , , . . . , ). By integration by parts and the Hölder
inequality, we obtain






 , ≤  ≤ .























































When α ≥ , we have q ≤ , and the application of the Young inequality yields












From integration by parts and the Hölder inequality, we obtain


































































































By integration by parts and the inequality, we have












































(‖ux‖L + ‖bx‖L + ‖bx‖L
)
+μ‖∇ux‖L
+ γ ‖∇vx‖L + κ‖∇ · vx‖L + χ‖vx‖L + ν‖∇bx‖L














From the Gronwall inequality, we get








γ ‖∇vx‖L + κ‖∇ · vx‖L + χ‖vx‖L + ν‖∇bx‖L
)
dτ
≤ Ce(‖u‖L+‖v‖L+‖b‖L )e(t)[‖u‖H + ‖v‖H + ‖b‖H
+C





Multiplying the ﬁrst equation of (.) by –u and integrating with respect to x on R, and









u · ∇u · udx –
∫
R
b · ∇b · udx – χ
∫
R










u · ∇v · vdx – χ
∫
R










u · ∇b · bdx –
∫
R










+ (μ + χ )‖u‖L




u · ∇u · udx –
∫
R
b · ∇b · udx – χ
∫
R
(∇ × v) · udx





u · ∇v · vdx – χ
∫
R




u · ∇b · bdx –
∫
R
b · ∇u · bdx. (.)




(∇ × v) · udx – χ
∫
R
(∇ × u) · vdx≤ χ‖u‖L + χ‖∇v‖L . (.)














∇u · ∇u · ∇udx +
∫
R
∇b · ∇b · ∇udx –
∫
R




∇u · ∇b · ∇bdx +
∫
R
∇b · ∇u · ∇bdx
 J + J + J + J + J. (.)
In what follows, we estimate Ji (i = , . . . , ).
By (.) and the Young inequality, we deduce that


















































































(‖∇u‖L + ‖∇ux‖L + ‖∇vx‖L
)
, (.)



































+ γ ‖v‖L + κ‖∇∇ · v‖L + χ‖∇v‖L + ν‖b‖L
≤ C(‖∇u‖L + ‖∇v‖L + ‖∇b‖L
)
× (‖∇u‖L + ‖∇ux‖L + ‖∇vx‖L + ‖∇bx‖L
)
. (.)
From (.), the Gronwall inequality, (.) and (.), we know that (u, v,b) ∈ L∞(,T ;
H(R)). Thus, (u, v,b) can be extended smoothly beyond t = T . We have completed the
proof of Theorem .. 
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